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COUETTE FLOW WITH PARTICLE INJECTION 
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Abstract-The steady flow of a viscous fluid between two infinite parallel flat walls with injection of 
particles from one wall and removal from the other is analyzed. The velocity and temperature distributions 
of the fluid and the particles are solved in analytical form for Stokes particle drag coefficient and in 
numerical form for constant coefficient. Arbitrary values of axial pressure gradient, viscous dissipation, 
particle injection angle and speed, and initial particle temperature are allowed. For the case of vertical 
injection and in the absence of axial pressure gradient, it is found that the wall shear stress is always 
decreased by particle injection whereas heat transfer can be increased or decreased. The dimensionless 
parameters which characterize the effects of particle injection on particle-free Couette flow are identified 

and discussed. 

NOMENCLATURE 

radius of a particle ; 
cross-sectional area of a particle ; 
surface area of a particle ; 
specific heat of fluid at constant pressure : 
specific heat of particles ; 
particle drag coefficient ; 
horizontal force per unit volume exerted 
by particles on fluid ; 
vertical force per unit volume exerted 
by particles on fluid ; 
horizontal pressure gradient, ap/dx ; 
distance between walls ; 
particle heat-transfer coefficient ; 
modified Bessel function of first kind 
and order i ; 
fluid conductivity ; 
modified Bessel function of second kind 
and order i ; 
mass of a particle ; 
mass injection rate of particles,p,,o, ; 
fluid pressure : 
Prandtl number, ,uc,/k ; 
heat flux to lower wall ; 

*Present address: KVB Engineering Inc., 17332 Irvine 
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heat transfer rate per unit volume from 
particles to fluid ; 
dimensionless constant, 2k/3pc,; 
fluid temperature ; 
particle temperature ; 
dimensionless fluid temperature,(t - to)/ 

(t, - to) ; 
dimensionless particle temperature, 

(tp - to)/(t, - to); 
horizontal fluid velocity ; 
horizontal particle velocity; 
dimensionless horizontal fluid velocity, 

u/u,; 
dimensionless horizontal particle 
velocity, up/up0 ; 
vertical fluid velocity ; 
vertical particle velocity ; 
dimensionless vertical particle 
velocity, u,/~~~; 
absolute relative velocity between fluid 
and particle ; 
dimensionless transformed variable, 
(2aH/3k)*z ; 
distance in horizontal direction (parallel 
to wall); 
distance in vertical direction (normal to 
wall) ; 
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dimensionless vertical distance, y/h ; 
dimensionless transformed variable, 

[4M5oU - Bh Ylq,oVB~l+ : 
constant, 6nap/m ; 
dimensionless constant, 4na2Hh/mcsv,, 
dimensionless variable, na2pI/,C,h/ 
2mupo (dimensionless constant, 6naph/ 
mupO for Stokes flow) ; 
fluid viscosity ; 
mass of fluid per unit volume ; 
mass of particles per unit volume ; 
shear stress at lower wall. 

Subscripts 

0, at lower wall which is stationary and 
where particles are injected ; 

co, at upper wall which is moving and where 
particles are removed. 

1. INTRODUCTION 
THE SUBJECT of two-phase flow has received 
increasing attention in recent years due to its 
importance in modern engineering applica- 
tions. Some classical papers on this subject have 
been written by Carrier on shock waves in a 
dusty gas [l], by Kliegel on gas-particle nozzle 
flow [2], and by Marble on fluid-particle 
boundary layer flow [3], among others. A 
description of many published papers on fluid 
dynamics of multiphase systems can be found 
in the book by Soo [4]. The majority of the 
problems treated, however, have been con- 
cerned with configurations where the particles 
are initially at equilibrium with or entrapped 
in the fluid. In such systems the particle stream- 
lines are nearly parallel to the fluid streamlines, 
i.e. the particle moves along with the fluid. In 
the few studies that involve injection of particles 
into a fluid, only the particle trajectory is analyzed 
and the effects of particles on the fluid are 
usually neglected. 

In the present study, particles are injected 
from a surface into a viscous fluid flowing be- 
tween two parallel flat walls. The particle size, 
injection angle and speed, mass flux, and initial 

particle temperature are taken as arbitrary. The 
flow configuration is shown in Fig. 1. Solutions 
for the two-phase flow properties are obtained 
to show the mutual effects of interaction be- 
tween the particles and the fluid. 

One of the problems that led to the present 
study concerns the survivability of high-speed 
vehicles under erosive conditions. When a 
missile travels through a dust, rain, or ice 
environment, severe erosion of surface material 
may result due to particle bombardment. The 
eroded material leaves the surface in the form 
of small particles. The question then arises as to 
what effects will the eroded particles exert on 
the shear stress and heat flux at the missile 
surface. The answer to this question is important 
because the erosion rate is generally highly 
dependent on the surface shear stress and heat 
flux. 

FIG. 1. Couette flow with particle injection 

Other important applications involving the 
injection of particles into boundary layers in- 
clude soil saltation by natural winds, lunar 
surface erosion by a landing vehicle’s exhaust, 
and dust entrainment by a nuclear explosion. 
In these problems, it is generally accepted that 
the amount of particles eroded from a surface 
due to aerodynamic forces is determined by 
the criterion that the amount of erosion is just 
sufficient to reduce the surface shear stress to a 
minimum restraining value. However, the ac- 
curacy of this prediction method has been 
severely limited because the effects of particle 
injection on the flowfield, and thus on the 
surface stress, have not been rigorously analyzed. 
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Although the Couette flow configuration 
does not precisely match an external boundary 
layer, it nevertheless illustrates the effects of 
particle injection on a viscous fluid flowtield 
and identifies many important parameters of the 

+$(Z+$) (3) 

problem. Furthermore, Couette flow has the 
advantage of yielding a solution for the complete 
Navier-Stokes equations. In studies such as 

pep ($+ r$)+ p,c,(u,~ + t+) 

chemical non-equilibrium [5], magnetogas- 
dynamics [6], radiation absorption [7], etc., 

=k(;:+-$)+U;+tl$ 

Couette flow has been considered as a standard + tu,, - u) F, + (up - 1,) F, 
of comparison for other more complicated flow 
configurations. +li[2(;~)2+2(~~+(;+$J. (4) 

2. GOVERNING EQUATIONS Furthermore, for the particle phase, one may 

In the present analysis, the following im- write 
portant assumptions are made : 

(1) The particles injected into the fluid are 
g (PpUp) + $ (Pp$) = 0 (5) 

spherical in shape and uniform in size. 
(2) Chemical reaction, mass transfer, and 

radiation between the particles and the fluid 
are not considered. 

(3) Momentum transfer between particles 
and fluid is due only to drag and heat transfer 
due only to convection. 

(4) The temperature is uniform within a 

(6) 

particle. - 
(5) Interaction between particles themselves 

is not considered. 
(6) Particles are injected from one wall at a 

given rate, and are removed from the other wall 
at the same rate. 

(7) Continuum theory is applicable to the 
two-phase system. 

The conservation equations for mass, x- 
momentum, y-momentum, and energy of the 
two-phase system can be written as 

The forces exerted on a unit volume of fluid 
by the particles can be written as 

F,, = f @,lm) wGW, - n) (9) 

F,, = 3 (p,lm) p&W, - v) (10) 

where 

v, = [(u, - u)2 + (up - v)2]3. (11) 

The heat transfer from the particles to a unit 
volume of fluid can be written as 

(1) 
Q, = (~,lm) H40, - t). (12) 

The boundary conditions are 
Ii = 0, u = 0, t = t, 

u=u,,t=tm 

aty=O 

aty=h 

+$=P($+$) (2) 
pp = ppo, up = up05 VP = up03 t, = t,o aty=O 

(13) 



2176 VICTOR QUAN 

where r,,. u,, t,. ppo, uyo and tPO are constants. 
In addition, Couette flow herein is considered to 
be one in which the gradients of p, u, t. pp, u, and 
T, are zero in the x-direction. Equations (lk 
(13) then completely define the mathematical 
model, assuming expressions for p and CD are 
given. The solution is presented in the following 
section. 

3. SOLUTION 

For Couette flow, equations (1) and (5) and 
the condition of II = 0 at y = 0 yield 

v=o (14) 

P = P(Y) (15) 

PpOp = Ppoljpo = A4 (16) 

where A4 is the constant mass flux of particle 
injection. Equations (2H4) become 

,dUY+!!LpdZu 
dy 8x dy2 

(17) 

&!!!l+3Lo 
dy 6~ 

(18) 

-M,:p!3~+p du 0 
2 

dy dy 

(19) 

and equations (6t(8) become 

llpdf” + HA”@, - t) = 0. 
dy mc, 

(22) 

Equation (18) yields the solution for p in the 
form 

p(x. y) = p(x, 0) - M(0, - lIpo) (23) 

and equation (17) requires ap/C:.x to be a function 
of y only. Using equation (23) one obtains 

8~ +-4x, 0) 
-E--c 

ax dx 
constant - G (24) 

where a positive value of G corresponds to an 
increase in pressure as the fluid flows down- 
stream. 

Equations (17) and (19) can be integrated once 
and reduced to 

pd” - Gy - Mu, = C, = z,, - Mu,, 
dy 

(25) 

k Fy - Mc,t, + Guy + (q, - Mu,,)u 

- MC&, - Ly (u& + I&) (26) 

where C, and C2 are constants of integration 
and can be replaced by quantities expressed in 
terms of r0 and q,,. 

It is observed at this point that three of the 
eight governing differential equations may be 
eliminated since they have been used to solve for 
r. p and pP where pp = M/P,. It may also be 
noted that p(y) can be left as arbitrary since an 
equation ofstate has not been specified ; however, 
the conditions of iJp/ax = &/ax = 0 imply 
Zp/ax = 0 except for incompressible flow for 
which p is a constant and not related to p and 
t. In Couette flow, density has no effect on the 
velocity and temperature distributions. The 
reason is that the convective terms in the 
momentum and energy equations vanish 
identically as seen in equations (25) and (26). 
It is true that to solve for p(y), one must pre- 
scribe an equation of state. However, p(y) is 
not of importance in the present analysis since 
the drag force and heat transfer between 
particle and fluid are independent of fluid 
density for both Stokes flow and constant- 
pc, flow. 
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It is advantageous to non-dimensionalize the 
live remaining differential equations which 
govern u, t. up, IJ~ and t,. Let 

Y+LL,T=f-- 
% tm--0 

up = up t - tpo -“““;vp=~,T,=~~ (27) 
U’X llpO m 0 

Equations (25). (26) and (20)-(22) can then be 
written as 

dU Gh2 --- Y_MhU,+!? 
dY P, P P, 

(28) 

dT Mc,hT= h 
dY k ’ k@, - to) 

+ ; (ii;ov; - ii;o + u2,u; + 2umupoU,,) 1 (29) 

= 0 (30) 

dT/, 

dY+ 

dC,l/,h o 

2mfi,, = 
(31) 

= 0. (32) 

The variables U, 7: Up, VP and T, and the un- 
known constants z. and q. are subject to the 
boundary conditions of 

U=T=U,=T,=O aty=O 

VP = 1 atY=O 

U=T=l atY= 1. (33) 

For values of C, that are nonlinear functions 
of V,, equations (28H33), which are nonlinear 
and involve two-point boundary conditions, 
must be solved numerically in general. Some 
numerical results, which are obtained by using 
the standard Runge-Kutta-Adams-Moulton 
numerical integration procedure, for constant p 
and C, are shown in a latter section. For Stokes 
flow regime (low particle Reynolds numbers), 
however. C, is inversely proportional to pV, and 

the solution can be obtained analytically as 
shown below. 

For Stokes flow (C, = 12~/upV~), equation 
(31) and the boundary condition of VP = 1 at 
Y = 0 yield 

VP = 1 - ,GhY/upo (34) 

where 

fi = 6nap/m. (35) 

Here, it should be noted that in order for pp 
to be bounded, tip must be positive everywhere 
since pp = M/a,. This implies /?h < up0 accord- 
ing to equation (34). That is, the vertical in- 
jection velocity must be sufficiently high to 
overcome drag so that the particles can reach 
and be removed at the upper wall: otherwise, 
there is accumulation of mass in the flow and the 
Couette flow condition does not exist. 

With VP being known, equations (28) and (30) 
can be used to solve for Up and U simultaneously. 
The result is 

up = 4%,(4 + CJW)] - & 
X + Fje _ 9z2j 

4M 
(36) 

u = 3 z’[ - C,Z,(z) + C&,(z)] - & 
m 

x To + J%@! - Mupo 
( P ) 

(37) 

where z is a function of Y: 

z = [4M11po(l - 5 Y)//G]’ (38) 

and where Ii and K, are the modified Bessel 
functions of first and second kind, respectively. 
and of order i. The constants C,, C4 and z. are 
determined by the conditions of U, = U = 0 
at Y= 0 and U = 1 at Y= 1, and have the 
values of 
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(40) 

where z. and z,, denote z evaluated at Y = 0 and 
Y = 1, respectively. 

With V,, U, and U being known, equations 
(29) and (32) can be used to determine T, and T 
simultaneously. The result is 

T, = w”Z,(w) [C, + A(w)] + tiZ_,(w) 

x [C, - B(w)] - q” 
MG(t’x - to) 

(42) 

T= ; g+l iZ,+,(w) [C, + 4w)l + Z-s- 1(w) 

x [C, - B(w)]} - Mc (tqo_ 
s m 

t 
0 

) + t,,-- 
tm - to 

(43) 

where w is related to Y through z : 

w = (2aH/3k)f z 

and s is given by 

(44) 

s = 2k,‘3pc, = 2cp/3Prc,. (45) 

In equations (42) and (43) the functions ,4(w) 
and B(w) are given by 

w 

A(w) = ? 
2 sm (SC) s 

W’-“Z_,(W) Ii/(n) dw (46) 

w 0 

W’ 

B(w) = -_-.E-- 
2 sin (UC) s 

W’-SZ,(W) t,+(W) dw (47) 

wo 

$Cw) = 2,,(t:- to) ~($pJP+ u: + (?j 
x (Vi - 1) - g ( ” + 3 Y+ MU,, 

Cc U co >I . (48) 

The constants C,, C, and q. are determined 
by the conditions of T, = T= 0 at Y = 0 and 
T = 1 at Y = 1, and have the values of 

c, = cc,, - C,,)IC5, 

; 4+1Czs+lhM(wJ 

(49) 

x z-s- 1bo) - 

[ 

(2)“’ z-s-l(wh~ 

C,, = f w6_ ’ sin (~71) + & tih+ ’ 

r~s-l(wo)~-s-lb%) - Z-S+l(wo)ZS+l(w,)l 

c, = 
1 

Z-s+ Awe) 

[ 
- CJ- l(wo) + 2sw,“_’ 

( )I po - to t 
t, - to 

(50) 

90 = ~cdt, - toM[C5~s(wo) 
+ w - s(wo)l (51) where 
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where w0 and w,, denote w evaluated at Y = 0 
and Y = 1, respectively. 

Equations (42)(51) are applicable to non- 
integral values of s. If s is equal to an integer 
n, the following modifications are to be made: 
In equations (42) and (43) I_, and I_,_ 1 are 
replaced by K, and -K,+ 1, respectively. In 
equations (46) and (47) the coefficient x/2 sin 
SII is deleted. The function I-, in equations (46) 
and (5 1) is replaced by K,, and I _ s + 1 in equation 
(50) is replaced by - K,_ 1. Finally, in equation 

(49), I-,+, is replaced by - K,_l, I_,_, is re- 

placed by - K, + 1, and the coefftcient (2/71) sin sn 
is deleted. 

Although the convective heat-transfer co- 
efficient, H, has been left as an arbitrary constant, 
it may be noted that the Nusselt number, 
Nu = Ha/k, is unity for Stokes flow. For 
Ha/k = 1. equation (44) can be replaced by 
w = (2/3)*z. It may also be noted that for many 
common gases, the Prandtl number, Pr = ,ucJk, 
is approximately equal to 2/3. The value of s 
given by equation (45) then becomes s = cp/c,. 
If. furthermore. the gas and the particles have 
similar specific heats. then s is on the order of 
unity. 

4. RESULTS 

Equations (28) to (32) show that V,, U, U,, 
T and T, have the following functional form: 

V, = V&Y. n) 

(52) 

Mhc, 
” k 

w w”, $0 - to 
Ork‘ k(t, - to)‘ t,’ 

where 

II = na2pT/,CDh/2mv,, 

8 = 4~a2Hh/mc,v,,. 

The dimensionless groups may be 
as the ratios of various effects : 

(53) 

interpreted 

PARTICLE INJECTION 

Y= 

/I= 

Gh’/pu, = 
Mb/p = 

t3= 

c&k = 

&k(t, - 

upi&, = 

v&d, = 

2179 

distance from injection 
surface/distance between 
walls 
drag on a particle/inertia of 
a particle 
pressure force/viscous force 
force exerted by particles/ 
viscous force 
heat convection to a particle/ 
heat absorption by a particle 
absorption of viscous energy 
by particle/heat conduction 
by fluid 
to) = viscous energy dissipa- 
tion/heat conduction by fluid 
initial axial particle velocity/ 
fluid velocity 
initial vertical particle vel- 
ocity/fluid velocity _ . . 

(tpo - to)/(t, - to) = initial relative par- (54) 

title temperature/fluid tem- 
perature 

The ten dimensionless groups cover eighteen 
physical variables: y, h, p, k, H, p, C,, dp/ax. a, 
m, c,. u,, to, t,. uyo, vPo, tPo, and pPo. Equation 
(52) shows T and T, to depend on all ten groups. 
If I is a constant (Stokes flow), then V, depends 
only on two groups and U and U, on live 
groups. However. for general p and C,, the 
values of V,. U and U, also depend on all ten 
groups since d varies with IT: U and U, through 
the dependencies of p on T and V, on U and 
U,. The results for the cases of constant p (for 
these cases, V,, U, and U become independent 
of the T and TP, but not vice versa) and constant 
CD (for cases involving high Reynolds numbers) 
are illustrated later in this section. Here, the 
primary interest is on Stokes flow for which 

1 = flh/v,, = Cinaphlmv,,,. (55) 

The results for Stokes flow are presented 
in Figs. 2-l 1. Since the solution depends on 
many dimensionless parameters, only selected 
results will be chosen here for illustration. 
Readers interested in other results may employ 
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the analytical solution given by equations 
(34H51). In the figures, U and Vrefer to u and D, 
respectively, in the text. 

The values of V’. which can be seen from 
equation (34) to depend only on and to vary 
linearly with AY. are shown in Fig. 2. The varia- 

1.0 

tions of U and U, which depend on five para- 
meters are shown in Figs. 3-6. Figure 3 shows 
the variations of u,fu, and u,/u, with y/h for 

Fir;. 2. cr/tipo as a function of I and y/h. 

4 R.F. *.n 

Frc;. 3. Fluid andDarticlevelocitvdistributionslu_ = G = Ok ‘F-J 

O” It 1 ? 1 3 I 4 II 5 6 I I fi 8 I 9 II 1” ii I 12 I 

Mb/p 

FIG. 6. Variation of normalized wall shear stress with Mh!p 

and i (z+, = G = 0). 

FIG. 5. Effects of particle injection on flows with finite axial 
pressure gradients (up0 = 0 and Mb/p = 4). 
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several values of Mb/p and A; the results here 
correspond to the case of vertical injection 
(u,,,/u, = 0) and zero axial pressure gradient 
(Gh’/pu, = 0). From Fig. 3. it is seen that 
particle injection lowers the shear stress (or 
fluid velocity gradient) at the injection surface 
and that the distortion of the flowfield becomes 

FIG. 7. Fluid and particle temperature distributions [up,, = 
G = 0, c&k = 1. pui/k(t - to) = 2, and Mhip = 41. 

“‘2 0 6 1’0 

-\=02 

0.2 0.4 0.6 

FIG. 8. Effects of p&/k(t, - to) and v&u, on (t - to)/ 
(t, - to) and (tp - to)& - tJ, (up0 = G = t,, - t, = 0. 

c&k = 1, and Mb/p = 4). 

more extensive as the mass flux of injection, M, 
increases. It is also seen that the effects of 
particle injection are greater for larger values 
of I ; the reason for this is that larger 2 corres- 
ponds to longer stay time of particle in fluid 
which results in greater particle-fluid relaxation 
effects. 

For vertical injection, the particles lower the 
surface shear stress because they absorb momen- 
tum from the fluid. However. if they are injected 
at finite angles from the normal (i.e. up,+, # 0). 
the shear stress or velocity profiles are altered 
in a different manner. The effects of the hori- 
zontal component of the injection velocity are 
illustrated in Fig. 4 in which it can be seen that 
significantly positive values of up,&, tend to 
increase the shear stress while near zero or 
negative values will decrease it. The particle 
velocity can be seen from Figs. 3 and 4 to 
approach the upper wall velocity (i.e. up/u, -+ 1) 
regardless of its initial value. In Fig. 5, the 
changes in velocity profile due to injection of 
particles into flows of finite axial pressure 
gradients are illustrated for the conditions of 
vertical injection and Mb/p = 4. Finally, the 
nondimensionalized shear stress at the lower 
wall. (dU/dY),, is shown as a function of A and 
Mb/p in Fig. 6 for vertical injection and zero 
axial pressure gradient. It is seen that drastic 
reductions of the wall shear stress due to particle 
injection are possible. 

The results of T and T, depend on ten para- 
meters. One parameter, say 8. can be eliminated 
by considering Stokes flow for particle heat 
transfer (i.e. Ha/k = 1) which implies 0 = 
(2A/3)(k/pc,). Figure 7 shows the effects of the 
injection velocity and initial particle-fluid tem- 
perature difference on the fluid and particle 
temperature profiles for the conditions of 
U po = G = 0, &,/k(tm - to) = 2, Mb/p = 4, 
and c&k = 1. It is seen that higher injection 

velocity results in higher fluid temperature and 
wall heat transfer, that positive and negative 
values of (tPo - to) correspond to higher and 
lower fluid temperatures, respectively, that the 
particles relax towards the upper wall tempera- 
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ture as they penetrate the fluid [i.e. (tP - to)/ 
(t, - to) -+ 11, and that larger 1 results in 
greater influence of particles on fluid. 

Figure 8 illustrates the fluid and particle 
temperature distributions for &Jk(t, - to)= 0 
and 4. It is seen that for ,m&/k(t, - to) = 0, the 
effect of particle injection is to decrease the fluid 
temperature and the results are identical for 

Q/u, = 0.1 and 1. The reason for this is that 
as ,&Jk(t, - to) -+ 0, the viscous dissipation 
of the particle kinetic energy is negligible com- 
pared to the fluid thermal energy even for high 
values of vPO/u,: and the fluid temperature is 
lowered by the absorption of thermal energy by 
the particles. On the other hand, for &,/ 
k(t, - to) = 4. particle injection can either 
increase or decrease the wall heat transfer. It is 
interesting to observe that low up,,,& allows 
the particles to absorb energy from the fluid 
near the injection surface and thus to lower the 
wall heat transfer: whereas for high u~~/u,. the 
transformation of the particle kinetic energy 
into heat outweighs the absorption of fluid 
thermal energy and results in higher wall heat 
transfer. One thus may generalize that particle 
injection lowers the wall shear stress due to 
absorption of momentum from the fluid; but it 
may increase or decrease the wall heat transfer, 
depending primarily on the relative effects of 
particle kinetic energy dissipation and thermal 
energy absorption. 

The effects of c&k are illustrated in Fig. 9 
and are seen to be more significant on the 
temperature distribution of the particles than 
of the fluid. Figure 10 shows the nondimension- 
alized heat-transfer rate at the lower wall. 
(dT/dY),. as a function of vP/um for several 
values of (r,, - t,)/(t, - to) and i and for 

%JO = G = 0, c,p/k = 1, Mb/p = 4 and &,,I 

W, - to) = 2. Figure 11 shows that (dT/dY), 
varies almost linearly with Mh/,u and that small 
and large values of I+,&~, respectively, tend to 
decrease and increase the heat transfer rate. 

The results of Figs. 2-11 correspond to Stokes 
flow for which ,l and 8 as given by equation (53) 
are constants. At high particle Reynolds num- 

f,)/(f, ~ to);.’ [UN ==‘C ii $0 - to = 0, i, 7 0.5, 
w;W, - t,) = 2. and Mhip = 41. 

10 I I I I1 I I I 

9- 1= 0.2 L 

----h= 0.8 /' / 

8- 

7- 

6- 

5- 

/ 

/' 

no particles (M= 0) 

O- 

_e'. 
/ 

-1 - 

-2 1, 1 I I I I I E, 
0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 

v,o/ UC0 

FIG. IO. Variation of normalized wall heat transfer with 
vJu,, i. and (tpo - t&t, - to), [up,, = G = 0. c,p!k = I. 

p&/k(tm - t,,) = 2. and Mhlp = 41. 

hers, Stokes flow is not applicable and A and 0 
become dependent on the flow properties. For 
non-Stokes flow, equations (28)-(33) must be 
solved numerically in generally. Consider the 
case of constant p, CD and H. Then 6’ remains 
constant while 1 becomes 
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A = ~OKIKO (56) 

where V,, is I’, at Y = 0 and A,, is given by 

A,, = na2pT/,0C,h/2mv,,,. (57) 

Some numerical results for constant p, CD 
and H are shown in Fig. 12. The results of Stokes 
flow for which I = 6naph/mo,, and 8 = (2i2/3) 
(~/PC,) are also shown for comparison. In Fig. 
12, the variations of VP, U, U,, T and T, with Y 
are shown for three sample combinations of 1, 
and rPO/um. The results of VP, U and U, are 
independent of 0. It is seen that the effects of 
particle injection on U are greater with constant 
pCD flow than with Stokes flow for small 
values of A, and Q/U,, and vice versa for large 
values of A,, and uP,,/u, ; and that for some com- 
binations of A,, and z+,/u~, constant pCD flow 
yields nearly identical results as Stokes flow. The 
effects of 8 on T and T, are also illustrated in 
Fig. 12. Larger values of 8 correspond to higher 
heat transfer between particles and fluid and are 
seen to result in lower temperature difference 
between the two phases. 

In addition to the results given above for 
VP U, U, T and Tp, it may be noted that pP is 
equal to M/up, u is zero, p is arbitrary and can be 
determined by an equation of state such as 
p = p(p, T) or p = constant, and p is given by 
equation (23). It may also be pointed out that 
two fluid properties, p and c,, are unimportant 
in this problem (except for the influence of p on 
particle drag for non-Stokes flow); because in 
the conservation equations, the transport terms 
involving inertia and heat convection within the 
fluid vanish for Couette flow. The conductivity 
of the particles is also unimportant because it 
has been assumed that the conductivity is 
sufficiently high and the particle size is suffi- 
ciently small for the temperature to be uniform 
within a particle. 

Because of the large number of parameters, 
which are inherent in two-phase flow systems, 
and of their wide range in values, all of the 
results illustrated in this paper appear physically 
achievable. The figures showing the effects of 

FIG. 11. Variation of normalized wall heat transfer with 
Mhlp. vpolu,~ and L [up,, = G = tpO - t, = 0. q/k = 1. 

and p&/k@, - to) = 21. 

FIG. 12. Constant pCr, flow compared to Stokes flow [a,,, = 
G = t,, - t, = 0, c&k = 1, p&/k(t, - to) = 2, and MhJ 

/I = 41. 
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pressure gradient and viscous energy dissipation 
resemble those shown in textbooks for particle- 
free Couette flow. The ratios of particle to fluid 
initial velocities and temperatures as illustrated 
can be reasonably expected. It is of significant 
interest, however, to demonstrate. by way of a 
sample missile erosion problem, the range of 
effects of particle injection using the Couette 
flow results. To simulate this problem. one may 
approximate the boundary layer thickness by 
h, free stream velocity by u,, and stagnation or 
reference temperature by t,. Consider the 
material being eroded from the missile surface 
to have a mass density P,,, of 900 kg/m3 (the 
mass of a particle m is equal to 471a3p,/3). 
specific heat c, of lo3 m2is2- “K. and average 
radius a of 5 microns. Also, take h = 0.01 m, 
p = 1O-4 kg/m-s. k = 0.1 kg-mjs3-“K. p = 
0.01 kg/m3. G = 0. u, = lb0 = lo3 mjs, up0 = 0. 

t, - to = 500”K, tpO - t, = 0 and M = 0.1 
kg/m’-s. The particle Reynolds number here 
can be shown to be sufficiently small for Stokes 
flow to be applicable. For the above values one 
obtains c,pjk = 1. ,uu2,,‘k(tm - to) = 2. ~‘p&, = 
1. /z = 0.2 and Mhip = 10. Then from Fig. 6. 
one observes that the surface stress is reduced 
by nearly 30 per cent from the particle-free 
value ; and from Fig. 11. one observes the heat 
flux to be increased by a factor of about 1.6. 
However. if the particle radius u is 2.5 instead ot 
5 microns and the mass erosion rate M is 0.01 
instead of @l kg/m’ s, then II = 0% and Mb/p = 
1: and the shear stress and heat flux will differ 
accordingly. This illustrates the wide range of 
parameters that may be encountered. For 
turbulent boundary layers. h may be taken as the 
thickness of the laminar sublayer. Under severe 
erosive conditions. M may be orders of magni- 
tude greater than the numbers illustrated. 

5. SUMMARY AND CONCLUSIONS 

From the present analysis. one may summarize 
and conclude that : 

(1) A solution for Couette flow with injection 
of particles has been obtained in analytical 

form for Stokes particle drag coefficient and in 
numerical form for constant drag coefficient. 
The velocity and temperature distributions of 
the fluid and the particles are found to depend 
on ten dimensionless groups which cover eighteen 
physical variables. 

(2) The injected particles can penetrate the 
channel depth only if 6mph/mupo < 1 for Stokes 
flow. For flows with constant pC, this condition 
is approximately equivalent to m2pC,Vr,h/ 
2rnfb, < 1. 

(3) Larger value of I,. where A0 = 6~aph/ml:,, 

for Stokes flow and A, = dpC,I/,,,h/2mo,, for 
constant pC, flow, yields greater particles--lluid 
relaxation effects. 

(4) The effects of particle injection on a fluid 
flowfield increase with Mhlp. 

(5) Particle injection generates a pressure 
gradient in the direction normal to the walls due 
to conversion of vertical particle momentum to 
hydrodynamic pressure. 

(6) For normal injection and zero horizontal 
pressure gradient. particle injection is found to 
always decrease the velocity gradient or shear 
stress at the injection surface. This is due to 
transfer of horizontal momentum from fluid to 
particles. 

(7) Normal injection tends to neutralize the 
effects of the horizontal pressure gradient on 
the fluid velocity distribution. especially if the 
gradient is negative (i.e. decreasing pressure in 
direction of flow). 

(8) The injection angle affects the flow in such 
a manner that large positive values of u,,ju, 
tend to increase the wall shear stress while near 
zero or negative values will decrease it. 

(9) When viscous dissipation effects are small. 
i.e. ,uufJk(t, - to) --+ 0, particle injection is 
found to decrease the temperature gradient or 
heat transfer at the injection surface (unless the 
particle initial temperature is higher than the 
wall temperature). This is due to heat transfer 
from fluid to particles. 

(10) When viscous dissipation effects are 
significant. i.e. ,uuk/k(t, - to) = O(l), particle 
injection is found to increase or decrease the 
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heat transfer at the injection surface for large or 
small values of U&A,, respectively. For large 

1)&&W substantial amount of particle kinetic 
energy is introduced into the flow; if &,/ 
k(t, - to) is not small, the conversion of particle 
kinetic energy into viscous heat dissipation 
outweighs the particle absorption of fluid 
thermal energy and results in the increase of wall 
heat transfer. However. for small IJ~&,, the 
particle kinetic energy is negligible and the 
particle absorption of fluid thermal energy 
results in a decrease of wall heat transfer. 

(11) In addition to injection velocity and 
angle. the particle injection temperature also 
affects the flow substantially. Large positive 
values of (t,, - t,)/(t, - to) tend to increase 
the wall heat transfer ; while near zero or negative 
values will decrease it, providing the viscous 
dissipation of particle kinetic energy is small. 

(12) The effects of c&k are much more signi- 
ficant on the temperature distribution of the 
particles than of the fluid. In general. larger 
q/k yields higher fluid and particle temperatures 
and greater difference between them. 

(13) For Stokes flow, particle heat convection 
is related to particle drag. For constant pCD 
flow. higher particle heat convection coefficient 
results in smaller difference between fluid and 
particle temperatures. 

(14) Regardless of the injection velocity and 
angle and initial temperature, the fluid-particles 
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relaxation effects are such that the particles 
decelerate vertically, accelerate or decelerate 
horizontally towards the upper-wall velocity, 
and tend to equilibrate towards the upper-wall 
temperature. 

(15) The results of the two-phase Couette 
flow obtained using constant particle drag co- 
efficient are qualitatively the same as those 
obtained using Stokes coefficient. 
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ECOULEMENT DE COUETTE AVEC INJECTlON DE PARTICULES 

R&m&On Ctudie I’tcoulement permanent d’un fluide visqueux entre deux parois planes parall&les et 
inlinies avec injection de particules A une paroi et extraction $ l’autre. Les distributions de vitesse et de 
temptrature pour le fluide et les particules sont rtsolues sous une forme analytique pour un coefficient de 
train& de particule selon la loi de Stokes et sous forme numerique pour un coefficient constant. On suppose 
des valeurs arbitraires du gradient de pression axial, de la dissipation visqueuse, de I’aAgle et de la vitesse 
d’injection des particules et de la temperature initiale de la particule. Dans le cas d’injection verticale et 
en I’absence de gradient axial de pression, on trouve que l’injection de particules diminue la contrainte 
tangentielle alors qu’elle peut augmenter ou diminuer le transfert thermique. Les paramttres sans dimen- 
sion qui caractkrisent les effets de I’injection de particules sur I’tcoulement de Couette avec des particules 

libres sont d&ermints et discutts. 

COUETTE-STRijMUNG MIT TEILCHENZUFUHR 

Zusammenfassung-Es wird die station&e Striimung eines z%hen Fluids untersucht zwischen zwei 
unendlich langen parallelen ebenen Wiinden mit Zufiihrung von Teilchen an der einen und ihrer Abfiihrung 
an der anderen Wand. Die Geschwindigkeits- und Temperaturverteilungen des Fluids und der Teilchen 
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werden in analytischer Form fiir den Stokesschen Widerstandsbeiwert der Teilchen und in numerischer 
Form fiir einen bonstanten Beiwert berechnet. Die Werte des axialen Druckgradienten, viskose Dissipation. 
Winkel und Geschwindigkeit der Tugefiihrten Teilchen sowie deren Anfangstemperatur sind beliebig. Im 
Falle senkrechter Zufiihrung und bei verschwindendem Druckgradienten in axialer Richtung tindet man. 
dass die Schubspannung an der Wand infolge der Teilchenzufiihrung immer abnimmt, wobei der WHrme- 
iibergang entweder ansteigt oder abnimmt. Die dimensionslosen Parameter, die die Wirkung der Teilchen- 
zufiihrung auf eine teilchenfreie Couette-Striimung charakterisieren, werden analysiert und diskutiert. 

l’E’-IEHI/IE ICY3TTA CO BAYBOM sACTMI( 

AHHOT~~~~~--~~OBO~~ITC~ aeanI43 cTaqbloHapHor0 Te'IeHMR IIH3KOil EiMnKOCTH MeiK2y 
ARyMfI 6eCKOHe9HbIMYI IUIOCKO-napa.JIJIeJIbHbIMIl CTeHKaMM IIJJM BayBe '4aCTI.W Vepe3 OflHy 

CTeHKy II yAaJIeHIlI1 11X qepe3 ZpyryIO. nOJIyqeHb1 paCIIpeJ.(eneIIMfI CKOpOCTLl n TeMIIepaTypbI 
HcLl~KOCTH 1% YaCTMII B TeOpeTlFIeCKOfi +OpMe ;IJIH KO3@j@l4IIeHTa TpeHMR, OIIACbIBaeMOrO 
3aKOHOM CTOKCa, I4 13 'IllCJIeHHOM BPIfie AJIfI IlOCTORHHOrO KO3@$II(I%eHTa. YKa3bIBaKJTCfI 

IIJ10113BOnbHbIe 3HaqeHIlH aKCIlaJIbHOr0 rpanMeHTa AaBneHIuI, BfI3KOZi HmxIfnaqAIi, yrjIa 
BAyBa YaCTI4II I4 CKOpOCTM, a TaKFKe Ha'IaJIbHaR TeMIIepaTypa qaCTHU. YCTaHOBaeHO, 'IT0 B 
cnysae BepT~Ka~bHoro n,qyBa Ii np14 OTC~T~TBHI~ aKcMa~bHY)ro rpanneHTa AaBneHIu 

IsanpxHieHae TpeHtiR Ha cTeHKe Bcerna cKbIH(aeTcH B pe3ynbTaTe Bflysa rracfraq, Torna KaK 
KO3~I$H~IIeHTTeIIJIOO6MeHaMOH(eT ~1x60 ~M~H~III~T~CR,JIM~O~B~ZII~W~B~T~CR.AH~JIEI~I~~~~TCJI 
CIIeI&&IKa IIOJIyqeHHbIX 6e3pa3MepHbIX IIapaMeTpOB, XaJ)aKTepH3yIOII(HX BJIllHHlle BnyBa 

sacTHq Ha TeqenHe Ky3TTa. 


